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Abstract. We study the moduli space of rank stable based in- 
stantons over a connected sum of q copies of CP 2 . For c% = 1 
we give the homotopy type of the moduli space. For C2 = 2 we 
compute the cohomology of the moduli space. 



1. Introduction 



In this paper we study moduli spaces of based SU (r) instantons over a 
four manifold X in the limit when r — > oo. Interest in this rank stable 
limit goes back to the work of 't Hooft |tH74j . The homotopy type of 



this space was computed in [Kir94j, [San95 for X = S 4 , and in [BS97 
for X = CP 2 . We have 

(1) 2Jt£°(S 4 ) ~ BU{k) , 97t~(CP 2 ) ~ BU{k) x BU{k) 

where 971^ denotes the moduli space of charge k instantons. The proofs 
are based on monad descriptions of the moduli spaces over S A and CP 2 
(see [AHI)M78j . |l)on84| . |Hun86j . |Kin89| ). 

In this paper we study the case where X is a connected sum of q 
copies of CP 2 . In [Euc55]. jMatOOj . it was shown that this moduli 
space is isomorphic as a real analytic space to the moduli space of 
holomorphic bundles on a blow up of CP 2 at q points, framed at a line 
C CP 2 . Under this correspondence instantons over S" 4 are related 
to holomorphic bundles on CP 2 and instantons on CP 2 are related to 
holomorphic bundles on the blowup of CP 2 at one point. 

The results on this paper can be found in |San02bj . For a different ap- 
proach see |KM99j . |Buc02j where monad descriptions for these moduli 



spaces were introduced. 

1.1. Results. Fix a line C CP 2 and let x u ...,x q E CP 2 \ 
Let X q denote the complex surface obtained by blowing up CP 2 at 
Xi, . . . ,x g . Let Wl r k (X g ) be the moduli space of equivalence classes of 
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pairs (£,<f>), where £ is a holomorphic rank r bundle over X q with 
Ci = and c 2 = k, holomorphically trivial at L^, and : £| ioo — > 
is a holomorphic trivialization. 

For a general complex surface X the moduli space 9Jl r k (X) was defined 
in |Leh93| . jHL95j . |Lud93] . 

When r 2 > r 1; there is a map OJt^Xg) — >■ 9Jl r k (X q ) induced by taking 
direct sum with a trivial bundle: £ i— > £ © (9y~ ri . We define the rank 

stable moduli space as the direct limit WV?{X q ) = UmWl r k {X q ). In this 

r 

paper we study the special cases k = 1,2. For = 1 we obtain the 
homotopy type of the rank stable moduli space: 

Theorem 1.1. There is a homotopy equivalence 

VJl?(X q )~BU(l)x (V^(l)) 

Together with the results of [Buc93j and [MatOOj, this shows that for 
a large class of metrics conjecture 1.1 in }BS97l is false. 

For k = 2 we obtain the module structure of the integer cohomology 
of the rank stable moduli space: 

Theorem 1.2. Let K c C Z[x 1 ,x 2 ,x 3 ,x 4 } = H* ( BU(l) x4 ) be the 
ideal generated by the product x±x 2 and let Ka C Z[ai, hi, a 2 , k 2 ) ~ 
iJ* (BU(2) x2 ) &e i/ie zrfea/ generated by ki,k 2 . Then, as graded mod- 
ules over 7L, we have an isomorphism 

H*(m 2 (X q ) ) = Z[ai, a 2 ] © ^ © 

Our strategy is to analyze the effect of the blowup on the topology of 
the moduli space. This way we can relate the moduli over X q to the 
moduli over X% and X , whose topology is known (equation ([I])). The 
plan of this paper is as follows: 

In section 2 we show how the study of the moduli space dJl r k (X q ) can 
be reduced to the case where q < k. In section 3 we recall the monad 
constructions of the moduli spaces for q — 0, 1. In section 4 we prove 
theorem ll.il Sections 5, 6 and 7 contain the proof of theorem II .21 The 
proof is based on the construction of an open cover of the moduli space, 
which is carried out in section 5 and studied in detail in sections 5 and 
6. In section 7 we use the spectral sequence associated with the open 
cover (see |Seg68| ) to prove theorem ll .21 
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2. An open cover of W k (X q ) 

In this section we reduce the study of the moduli space 9Jt r k (X q ) to the 
case where q < k. 

Let / = (zi, ... ,2;) be a multi-index and write |/| for the number of 
indices. Let ttj : X q —>■ X\n be the blow up at points Xj, j ^ /. ttj 
induces a map 

(2) : mr k (x m ) - m r k {x q ) 

The objective of this section is to prove 

Theorem 2.1. { 7Tj3J^(X|/|) },j, =k is an open cover of9yi r k (X q ). Fur- 
thermore 

Tr^pfui) n TtfmOTji) = 7r; nJ ^(X| /nJ |) 

and we have isomorphisms 

From this open cover we can build a spectral sequence converging to 
H*(^M r k (X q )). The case k = 2 will be treated in section 7. For the 
general case see San02bJ, section 4.3. 

We turn now to the proof of theorem 12 .11 We begin by proving the last 
statement: 

Proposition 2.2. We have isomorphisms 

a«*(^m)^T? sn *(%i) 

where and 717* are inverses of each other. We also have 

rfWlKX^) = {£ e W k {X q ) \£\ Li is trivial for i <£ 1} 

Proof. From theorem 3.2 in |Gas97j it follows that, if a bundle is trivial 
on the exceptional divisor then it is also trivial on a neighborhood of the 
exceptional divisor. Hence, a bundle £ — > X on a blow up tt : X —>■ X 
is trivial on the exceptional divisor if and only if £ = 7r*7r*£. The 
statement of the proposition follows. □ 
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Proof of theorem \2.1\ From proposition 12.21 it follows that 

<aHj(X|j|) n Ttfrnft^ui) = 7r; nJ ^(X| /nJ |) 

To show that 9Jt£(X 9 ) C Ui/i=fc 7r l^fc( j ^fe) we om y nee d to show that: 

Claim: Let £ G Wl r k (X q ), q > k. Then £ is trivial in at least q — k 
exceptional lines. 

We prove this result by induction in q. Assume £ is not trivial in L\. 
Let p : X q — > X g _x be the blow up at Xi and let £' = (ir*£) yv . Then 
c 2 (£') < so we can apply induction. The proof is completed by noting 
that we cannot have bundles with negative c 2 by Bogomolov inequality 
for framed bundles (see |Leh93j ). 

Finally we have to show that 7Tj37t£(Xm) is open. Let H be an ample 
divisor. Choose N such that H^NH)) = for all £ e Tt h {X). 
Then choose M such that tt*£(NH + ML) is locally free. Consider the 
function 

h 1 = dimH\£(NH + ML)) : m k {X) -> Z 
Then, from the exact sequence 

-> £{NH) -> £(NH + ML) -> T -> 
(T has support contained in L) we get 

H 2 (£(NH + ML)) = H 2 (T) = 

Now notice that 

H°(£(NH + ML)) = H°(n*£(NH + ML)) 

and, since by assumption 7r*£(NH + ML) is locally free and vr^Lf is 
ample, for N large enough we get 

H\ir*£(NH + ML)) = for z > 

Hence, we get that 

h 1 = x (tc,£(NH + ML)) - x(£(NH + ML)) 

From Riemann-Roch theorem it follows that 

h l = c 2 (£) - c 2 (vr*£ vv ) + f(N, M, Cl (X)) 

where / does not depend on £. The result then follows from the upper- 
semicontinuity of h 1 (see |Har77j . chapter III, theorem 12.8). □ 
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3. Monads 



In this section we sketch the monad description of the spaces 971)* (CP 2 ) 
and m r k (CP 2 ). We follow |Kin89| . See also jBSOO] . 

Let C CP 2 be a rational curve and let L be the exceptional divisor. 
Choose sections xi,x 2 ,xs spanning if^C^Loo)) and yi,y 2 spanning 
L r0 ((9(L oo — L)) so that £3 vanishes on and xi?/i + X22/2 spans the 
kernel of 

H^OiL^)) ® H^OiL^ - L)) — i/ (O(2L oo - L)) 



3.1. The moduli space over CP 2 . Let be a /c-dimensional vector 
space. Let 72 be the space of 4-tuples m = (01,02,6, c) with Oj G 
End(W), 6 G Hom(C r , W), c G Homfw, C), obeying the integrability 
condition [oi,o 2 ] + be = 0. For each m = (oi,a 2 ,6, c) G 72. we define 
maps v4 m , -B m 



W(-Ico) — W® 2 © C" — ^(L c 



by 



^4, 



X\ — 01X3 

:r 2 - a-2^3 
cx 3 



B m = [ -x 2 + a 2 x 3 X! - aix 3 6x3 ] 



Then B m A m = 0. The assignement m 1— > £ m = Ker5 m /ImA m induces 



a map / : 72 — > Tl r k y 
m is called non degenerate if A m , B m have maximal rank at every point 



111 



Theorem 3.1. / induces an isomorphism betwen the quotient of the 
space of non degenerate points in 72 by the action of Gl(W): 

g-(ai, a 2 , 6, c) = {g~ x a x g, g~ 1 a 2 g, g~\ eg) 

and the moduli space 97t£(CP 2 ). 

For a proof see |Don84j . proposition 1. 

Theorem 3.2. The algebraic quotient TZ/GliW) is isomorphic to the 
Donaldson- Uhlenbeck completion of the moduli space of instantons over 
S 4 . 



For a proof see DK90 , sections 3.3, 3.4, 3.4.4. 
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For future reference we sketch here how the map from 1Z/GI(W) to the 
Donaldson-Uhlenbeck completion of the moduli space of instantons is 
constructed (see [Kin89 for details): 

Let m = (a±,a2, b, c) G 1Z. A subspace W C W is called 6-special with 
respect to m if 

(3) ai(W) C W (i = 1,2) and Im& C W. 

A subspace W C W is called c-special with respect to m if 

(4) ai {W') C W (i = 1, 2) and W C Kerc. 

m is called completely reducible if for every W C W which is 6-special 
or c-special, there is a complement W" C W which is c-special or 
6-special respectively 

Proposition 3.3. Let m = (ai, a 2 , b, c) G 

(1) m zs non degenerate if and only if the only b-special subspace is 
W and the only c-special subspace is 0; 

(2) For every m, the orbit ofm under Gl(W) contains in its closure 
a canonical completely reducible orbit and completely reducible 
orbits have disjoint closures; 

(3) If m is completely reducible then, after acting with some g G 
Gl(W) we can write 





~a r i ed ' 






a { = 


. a t 


, b = 






, c = [c red 0] 



where (a^ ed , a^, b red , c red ) is non- degenerate and the matrices 
af , can be simultaneously diagonalized. Such a configuration 
is equivalent to the following data: 

• An irreducible integrable configuration (a^ erf , a^, b red , c red ) 
corresponding to a bundle with c 2 = I < k; 

• k — l points in C 2 = CP 2 \ given by the eigenvalue pairs 
o/af ,a A 

This is precisely the Donaldson-Uhlenbeck completion. 

~ 2 

3.2. The moduli space over CP . Let 1Z be the space of 5-tuples 
rh = (ai,a2,d,b,c) where a« G Hom(W / , V), d G Hom(V,W / ), b G 
Hom(C r , V), c G Hom(^, C), such that ai(W) + a 2 {W) + b{C r ) = V, 
obeying the integrability condition a x da 2 — a 2 dai + be = 0. For each 
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rh = (ai,a 2 , d, b, c) 6 TZ we define maps A m , B m 



W{- 


Loo) 


®V{L- 


Loo) 


by 












a x x 3 


~V2 




Xi 


— da\x 3 





A m = 




a 2 x 3 


V\ 




X 2 


— da 2 x 3 









cx 3 






(v ©wo® 2 © 



V{Loo) © W{Loo - L) 



Br, 



x 2 a 2 x 3 
dyi yi 



—X\ 

dy 2 



-a±x 3 bx 3 

1/2 



Then B m A m = 0. The assignement m \— > £ m = Ker B m /lmA m induces 
a map / : K -> mt r fe (CP 2 ). 

A point rh G TZ is called non-degenerate if A^ and -B^ have maximal 

~ 2 

rank at every point in CP . 

Theorem 3.4. The map f induces an isomorphism betwen the quotient 
of the space of non degenerate points in TZ by the action of Gl(V) x 
Gl(W): 

(j9o,9i) ■ (ai,a 2 ,b,c,d) = (ffaV^i, 9 1 a 2 gi, g \ cgi, g^dg ) 

~ 2 

and the moduli space 07l^(CP ). 
See [KinBQl for a proof. 

Consider the algebraic quotient TZ/Gl(V) x Gl(W). This space is a 

~ 2 

completion of the moduli space £DTJ*(CP ). We proceed to give an in- 
terpretation of the points in this completion in terms of the Donaldson- 
Uhlenbeck completion. See |Kin89] for details. 

Let rh = (ai, a 2 , d, b, c). Let V C V and W C W and assume dim V = 
dim W . The pair ( V, W) is called 6-special with respect to rh if 

(5) Oi(W") C7'(i = 1,2), d(F') C W" and Im6 C 7' 
The pair (V, W) is called c-special with respect to rh if 

(6) Oi(W') C V [i = 1, 2), d(V) C W and W C Ker c 

m is called completely reducible if for every pair (V, W) which is either 
6-special or c-special, there are complements V", W" to V and W such 
that the pair (V", W") is c-special or 6-special respectively. 

Proposition 3.5. Let rh = (pi, a 2 , d, b, c) e R. 
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(1) fh is non-degenerate if and only if the only b-special pair is 
(V, W) and the only c-special pair is (0, 0); 

(2) For every fh, the orbit of fh under Gl(V) x Gl(W) contains in 
its closure a canonical completely reducible orbit and completely 
reducible orbits have disjoint closures; 

(3) If in is completely reducible then, after acting with some (g , gi) G 
Gl(V) x Gl{W), we can write 



~a\ ed " 


, d = 


- d red Q " 




"yred" 


_ of _ 


d A 


b = 






, c = [c red 0] 



where (a\ ed , a™, d red , b red , c red ) is non- degenerate effective and 
integrable and the matrices af , a A , can be simultaneously di- 
agonalized. Such a configuration is equivalent to the following 
data: 

• An irreducible configuration (d[ ed , a™ d , d, b red , c red ) associ- 
ated to a bundle with C2 = I < k; 

• k — I points in the blow up C 2 of C 2 at the origin. This 
points are determined as follows: af , af , d A determine k—l 

unique points (A^, A2), /4] £ C 2 corresponding to vec- 
tors vi,...,Vk-i such that daiV r = A[t> r (Xi, X2 are the 
eigenvalue pairs of da%, da2) and ([i[ai + \i r 2 a2)v r = 0. 

3.3. Direct image. In this section we gather some results concerning 
the direct image map ir* induced by the blowup map tx : CP — > CP . 

Proposition 3.6. Let n# : 1Z — > 1Z be given by n#(ai,a2,d,b,c) = 
(dai,da2,db,c). Let fh G 1Z, m = n#fh. Then Srh\^ w 2 \ L is isomorphic 
to £ m |cp 2 \[o,o,i]- 

For the proof see |San02a| . proposition 5.6. 

Proposition 3.7. Let SqWIKCF 2 ) = {(£,0) G OJl^CP 2 ) : (vr^) vv = 
0^ p2 }. Then 

(1) m G So97ti(CP 2 ) if and only if m is of the form (a\, a?, 0, b, c). 

(2) The inclusion S 9Jli — > DJli is a homotopy equivalence. 

Proof. First we observe that ^(CP 2 ) = S 9Jti(CP 2 ) U 7r^i(CP 2 ). 
Now m G 7T0OJli(CP 2 ) if and only if d is an isomorphism (see |Km89j). 
The first statement follows. The second statement follows easily from 
the first: just consider the homotopy (ai, 02, d, b, c) 1— > (ai,a2,td,b,c). 

□ 
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the blow up at x. Then the map n* : 9Jtfc(CP 2 



Proposition 3.8. Let x = [x 1 ,x 2 , 1] G CP 2 and /e* vr, : CP -> CP 6e 

1,2 1 ► 97l fc (CP 2 ) zs ^iven by 



[ai, a 2 , 6, c] i-> [ai - aril, a 2 - ^2!, 1, c] 

Proof. For x = [0,0, 1] see [BS00J. For the general case consider the 
translation [wi, 102,103] 1— > [u>i — £iu>3, u> 2 — ^2^3,^3]. This induces a 
map r : 9Jtfc(X ) — >■ 97t fc (X ) given by 

[ai, a 2 , 6, c] 1 — [ai — Xil, a 2 — x 2 l, 6, c] 

The result follows. □ 



4. The charge one moduli space 

The objective of this section is to prove theorem 1 1.11 
Theorem 4.1. There is a homotopy equivalence 

wq°(x q ) ~ bu(i) x (\Jbu(i) 



vi=l 



From theorem 12.11 it follows that 



mi(x q ) = {J^yii(x 1 



1=1 



and, for any i ^ j, 

^WtKXx) n TT^pTi) = TrSSERJpfo) 

We begin by studying the maps n^Tli(X ) — > 7r*SDTi(Xi). 

Lemma 4.2. Lei ^ : CP r -> CP r x CP r 6e t/ie inclusion into the first 
factor: ti([u]) = ([«], *), where * denotes the base point. Then there are 
homotopy equivalences h : CP 00 -> mt^°(X ) and ^ : CP 00 x CP 00 -> 
snc/i £/ia£ t/ie following diagram 

n;mr(x ) — * <anrW 



CP C 



971^ (X 



1 • 

hi"* 

:p°° x cp°° 



is homotopy commutative. 
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Proof. We will use the monad descritpion of 3JT[(Xi), 9Jt^(X ). We 
define define the following maps: 



p : Wl[(X ) - CP r 
Pi : W^Xx) -> CP r x CP r 

A : CP r -> CP r x CP r 
/ : CP 00 x CP 00 -> CP 00 x CP°° / : (x, y) i-> (x, xy" 1 ) 



p : [ai,a 2 ,6,c] -> [6] 
Pi : [ai,a 2 ,d, 6, c] -> ( [6], 
A :[«]-([«],[«]) 



where to define / we observe that CP 00 = BU{1) is homotopic to the 
free abelian group on U(l). Now observe that the diagram 



n*mr(x ) 



7T 



PO Pi 



:p c 



cp°° x CP° 



/ 



CP°° x CP C 



is homotopy commutative and the maps Po,Pi, f, vtq , n* are homotopy 
equivalences. The statement of the lemma then follows by writing 
ho — Vq 1 an d h\ = Pi f" 1 , where Pq ,Pi , f" 1 are the homotopy 
inverses. □ 

We are ready to prove theorem 14.11 



Proof. Let C be the cone on q points vi,...,v q . Let 



IJ BU(1) x BU(l) x { Vi } TJ ( BU(1) x C ) 



M 



[u] ,Vi)~ (ii([u)) , Vi) 



(1) First we show that M is homotopically equivalent to fflli(X q ). 
Denote the points in C by 



(0, ~ (0, Vj) ~ * 



RANK STABLE INSTANTONS 



11 



Define a map 

C : (ll^ 1 ) X BU W X fa}) II BU W xC ^ m ^ 
as follows: 

BU{1) x BU(l) X { Vi } 3 [ii 2 ],«i) >-> N) 

BC/(1) xC9 ([«], i ^ 7r */i o (N) for t < i 

BC/(1) xC9 ([«], h-> </iiM(M) for t > jj 

For | < t < | use the homotopy between ttqIiq and p*hii\ from 
lemma 14.21 

C descends to the quotient to give a map ( : M — > Wl™ (X q ). 
We want to apply Whitehead theorem to show ( is a homotopy 
equivalence. The van Kampen theorem implies both M and 
9Jti(Xq) are simply connected hence we only have to show ( is 
an isomorphism in homology groups. We prove it by induction 
in q' = l,...,q. 

We apply the five lemma to the Meyer- Vietoris long exact 
sequence corresponding to open neighborhoods of the sets 

n* qt+1 mr(x 1 ), 7rf w) !OTr(^) C VJl?(X q ) 

q' 

BU(l) x BU(1) x { Vi }, \JBU(1) x BU(l) x {v t } C M 

l=i 

using the fact that the restrictions 

C : BU(1) x BU(1) x { Vi } - ^WtriXt) 
(:BU(l)xC ^7r* $ Wl?{X ) 

are homotopy equivalences. It follows that ( induces isomor- 
phisms in all homology groups. 
(2) To conclude the proof we only have to show that M is homo- 
topically equivalent to 

q 

Y[BU(1) x BU(1) x fa} 
BU(1) x V/ BU(1) = — 

where * G BU(1) is the base point. Define an open cover of 
BU{1) x (Vi £*/(!)) by Ui = BU(1) x BU(1) x { Vi }. Then the 
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claim is a special case of proposition 4.1 in Seg68| . The result 
can also pe proved as in step 1. 



□ 



5. An open cover of Tl^(X 2 ) 



The objective of this section is to describe an open cover of 9Jt:f (X 2 ). 
We will adopt, in this section and the next, the following notation: 
Denote the blow up points by xl,xr G X . Let tt : X 2 — > X be the 
blow up map at xl,xr. By abuse of notation we will denote by n L 
the maps X 2 — > X\ and X\ — > X corresponding to the blow up at xl 
and in the same way ttr will denote the blow up at Xr. We have the 
diagram 



of blow up maps where X\l = Xir = X\. Denote by Ll and Lr the 
exceptional divisors above xl and xr respectively. Again, by abuse of 
notation we identify Ll C X 2 with Ll C. X\l and the same for Lr. 

Write x L = [x 1L ,x 2L ,l], %r = [xir,x 2R ,1], x l ,x r e X = CP 2 . Since 
xl 7^ xr we may assume without loss of generality that x\l ^ x\r. 

Let Zi = XiR — XiL- Zx, z 2 determine a point ([^i, z 2 ,l], [z\, z 2 }) G X\ \ 
Loo = CP 2 \ Loo C CP 2 x CP 1 . 

We are ready to state the main theorem of this section: 

Theorem 5.1. Let 

A L = Tt R m 2 (X 1L ) = {£e Wl 2 (X 2 ) : S\ Lr is trivial} 
A R = 7c* L Wl 2 {X 1R ) = {£ G Wl 2 {X 2 ) : S\ Ll is trivial} 

and let C = Wl 2 (X 2 )\ (A L U A R ). 

Let Nl C W1 2 (Xil) be the set of non- degenerate configurations m = 
(ai, a 2 , d, b, c) such that the eigenvalues of da\ (equal to the eigenvalues 
of aid) are in a 5 neighborhood ofO,zi. In a similar way define Nr C 
M 2 (X 1R ). Let N 2 = n* R N L U tt* l Nr U C. 



X 2 




X\l 



x 
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Then {Al, Ar, N 2 } is an open cover o/97t^°(X 2 ). There are homotopy 
equivalences 

(1) A L ~ A R ~ BC/(2) x BE/(2) 

(2) C ~ BU(1) x BU{\) x Btf(l) x SC/(1) 

(3) A L nA R ~ BU{2) 

(4) A L n N 2 ~ iV L ~ A R n iV 2 ~ jV fl ~ SC/(1) x 5C/(1) x BU{1) 

(5) AinAjjniV 2 - S£/(l) x BU(1) 

(6) iV 2 ~ C 

From this open cover we get, in a standard way (see |Seg68| ), a spectral 
sequence: 

Corollary 5.2. There is a spectral sequence converging to the coho- 
mology of 9Jl 2 (X 2 ) with E\ term 

E[' n = H n {A L ) © H n (A R ) © H n {N 2 ) 

E\' n = H n {A L n Ar) © H n {A L n iv 2 ) © n iv 2 ) 
£?' n = J ff n (A£nA fl niV 2 ) 

In the next section we will study the d\ differential of this spectral 
sequence. 

We turn now to the proof of theorem 15.11 We will delay the proof that 
N 2 is open and begin by proving the homotopy equivalences (1), (2) 
and (3): 

Proposition 5.3. A^,Ar are open sets, 

C = {[£, 0] G Wl 2 (X 2 ) : c 2 ( (tt«£ ) vv ) = l,i = L,R} 
and the following maps are isomorphisms: 

n R : Tt 2 (X 1L ) —> Al C M 2 (X 2 ) 

n* L : Tt 2 {X 1R ) ^A R C Tl 2 (X 2 ) 

KrZ x < V : C -> S-oSWi^ix) x Stmi&m) 

7i*:m 2 (X )^A L nA R cTl 2 (X 2 ) 

where n™(£) = / (7r i# £) w . 

Proof. The isomorphisms for Al, Ar, A^RAr follows from theorem l2.ll 
That theorem also implies Al,Ar are open. 

It remains to look at the map vr^ X7T^ : C -> SoOJli (X iL ) x Sp SPtiCXm ) . 
The continuity of this map was proved in proposition 3.1 in [3an02aJ. 
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We will construct an inverse for 7r)Qf x . Let (£ L , <p L ) G SqDJIi(X 1l ), 
(£r,4>r) G SqWIi(Xi R ). Hartog's theorem implies there are unique 
extensions of (pL,4>R to maps 

4>L ■ £l\x \{x l } — > ®X \{x L } > 0ii : £r\x \{x r } -> CxoVlxfl} 

These maps induce an isomorphism £^ = £r over X \ xr} which 
we use to glue £l,£r and obtain a bundle £ — > X 2 . The continuity of 
this map was proved in proposition 3.3 in [San02aJ. This concludes the 
proof. □ 

We observe the following identity: 

Proposition 5.4. Let r : Wlk(X ) — > 9Jlfc(X ) 6e defined by 

r(a x , a 2 , 6, c) = (ai - Xi L l, a 2 - x 2 l1, b, c) 
Let mi, m 2 G Wli(X ). Then Ti* L {mi EB m 2) — ^*L m \ EBl T { m 2)- 

Proof. It follows easily from proposition 13.81 □ 



Before we continue we need the lemma 



Lemma 5.5. Let m G 9Jl2(Xi) and let (a 1; a 2 , d,b, c) be the configura- 
tion associated to m. The following are equivalent: 



(1) £ m is in the image ofir R * : C — > 07l 2 (Xi); 

(2) cdfe = and the eigenvalues of dai (equal to the ones of aid) are 
and Zi; 

(3) After a change of basis we can write 



a i 



2i 
z l 



, 02 = 
c"b" = 0. 



a 2 

21 



6'c" 

21 

^2 



d 




1 



[d c»] 



Proof. We will show that 1 2, 2 =>• 3 and 3 1. 

(1 2) Suppose £ TO = ttr*£, £ G C. Then, by proposition 15.31 G 
SqWIi(Xil) and £ is not locally free at the blow up point xr. 
So, from proposition 13.71 £ vv corresponds to a configuration of 
the form [a[, a' 2 , 0, b', d]. 

Since m is degenerate, by proposition 13.51 after a change of 
basis it can be written in one of two forms, corresponding to 
the two types of special pairs: 
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1 (6-special): 



2 (c-special): 





a i * 


, d = 


~d! 


* 




V 


a% = 


< 





d" 


, b = 






[d c"] 



in which case the configuration is equivalent to the com- 
pletely reducible configuration (see proposition I3.5|) 

(ai, a' 2 , d', b', d) © (ai, a 2 , d", 0, c") 

corresponding to an ideal bundle with singularity at (a"d", a'^d" 
and charge one bundle given by (a' 1; a 2 , d', b', d). So we 
should have d' = and a'Jd" = Zi. 



(7) 





, d = 


~d! 


0" 




~b'~ 


.* < 


* 


d" 


, b = 


b" 



[d 0] 



in which case the configuration is equivalent to the com- 
pletely reducible configuration 

(4, a' 2 , d', 6', d) ® (a'(, a' 2 ', d", b", 0) 

corresponding to an ideal bundle with singularity at (a"d", a'^d") 
and charge one bundle given by (a' 1; a 2 , d', b', d). So we 
should have d' = and a'-d" = z^. 

In both cases the eigenvalues of dcii are 0, z^ and cdb = 0. 
3) Now assume the configuration (a 1; a 2 , d, b, c) satisfies 2. Fix a 

basis of eigenvectors v ,Vi G V of a±d and Wo,tfi G If of dai 

with i> , wo corresponding to the eigenvalue 0. Normalize V\, w\ 

so that dv\ = w\. Then 



ai 



d 







a-2 



b'c" 



"2 
6"c' 



-d'ai 



"a" 


o" 




~b'~ 







1 


, b = 


b" 





[c' c"] 



From cdb = we get (6V') (6V) = 0. If o'c" = then a 2 
is lower triangular. If b"d = then a 2 is upper triangular. In 
both cases the diagonal entries of aid are its eigenvalues. Hence, 
the condition about the eigenvalues of a\d and a 2 d yields the 
equations 



a[d' 



a' 2 d' 







Z\ , a 2 



Z-2 



Since ai(VT) + a 2 {W) + b(C r ) = V we must have a" = 0. 
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(3 1) Let m = [ai, a 2 , d, b, c] be a configuration satisfying 3. c"b" = 
implies either c" = or b" = 0. It follows that the pair 
(Span{(0, 1)}, Span{(0, 1)}) is a special pair hence the configu- 
ration is degenerate. Now, from proposition 13.51 it follows that 
m is equivalent to the completely reducible configuration 

m> © m" = ( a ' v a' 2 , 0, 6', c') © (z ls z 2 , 0, 0) 

Notice that (a[, a' 2 , 0, b', c') G SqWIx(Xh). Then, from proposi- 
tion there ism £ C such that 7r^m vv = ml. Then, from 
the characterization of points in the completion it follows that 
■K R Jh = m. 

□ 



The homotopy equivalences (4) and (5) are a direct consequence of the 
proposition 

Proposition 5.6. Let 

N z = { (a lz , a 2z , b z , c z ) G SPTi(X ) | \a lz - z\ < 5 } 

N' = { (ai, 4, d', 6', c') G SErti^) | |d'ai| < 5 } 

Let N C 9Jt 2 (X ) 6e ine subset of points (ai, a 2 , 6, c) u>ita i/ie eigenval- 
ues of a± lying in 5 neighborhoods of xl and xr. Consider the maps 
Ho : N XlL x iV x . lfl -> JV de/med 6y 

[aiL,a2L,b L ,c L ] Ho [aifl, a 2jR , 6^, Cjj] = [ai,a 2 ,6, c] 



«1 





" 









, a 2 = 


o>ir_ 



a 2 L 

bRC L 



c\r— an, 



6fl 



[CL Cr] 



and S L : N' x N Zl -> iV L de/med fry 

[a' 1; a' 2 , d', 6', c'] fflt [a", a 2 , b", c"] = [ai,a 2 ,d,b,c] 



(9) 



d 



ai ' 
a'/ 



a 2 



a 2 

6"c' 



6'c" 



a 



~d' 


o" 




~b'~ 





1 


, b = 


b" 



d'a^-a'l 

C = [d C"] 



Then 



(1) T/ie maps ESq, Hi ore homeomorphisms; 

(2) T/ie inclusions N z — ► 9Jl 1 (X ) ; iV' — > are homotopy 
equivalences; 

(3) 7rJiVxn7r£iV fl = 7r;JVo. 



RANK STABLE INSTANTONS 



17 



Proof. Statement (2) is clear from the definition. To prove statement 
(3) we observe that 

n* R N L n n* L N R = n* R N L n 7r *9H 2 (X o ) = N L n 7i* L Wl 2 (X ) 

The result now follows easily from proposition 13.81 We turn to the 
proof of statement (1). It is an easy consequence of proposition 13.51 
that EBo an d EBl preserve the nondegeneracy of the configurations so 
the maps are well defined. 

Now we look at EB^. For S small enough the eigenvalues of a%d are 
distinct. Hence we can choose, up to the action of (C*) x4 , eigenvector 
basis {vo,vi} C V of a%d and {wo,wi} C W of dax, where Vq,Wo 
correspond to the eigenvalues near 0. Normalize vi,w\ so that dv\ = 
W\. Then the action of (C*) x4 is reduced to an action of (C*) x3 . We 
can thus write (see also equation (JJJ)) 



(10) 



d 







«2 



b'c" 



"2 
b"c' 



d!a\- 



~d' 


0" 




~b'~ 





1 


, b = 


b" 



[d d'] 



The group (C*) x3 acts transitively on equivalence classes of such config- 
urations written in the above canonical form. This shows the existence 
of an inverse, hence ES^ is a homeomorphism. The proof for ES is 
similar. □ 



The maps ESo, EEI^ extend to the closure N', N z of N', N z . The following 
proposition is a direct consequence of proposition 13.51 

Proposition 5.7. 

• Let m L = [ai L} a 2 L,b L ,c L } G N XlL , m R = [ai R ,a 2 R,b R ,c R ] G 
N XlR . Then the following are equivalent: 

(1) mi ES m R is degenerate; 

(2) Either m i or m R is degenerate. 

(3) At least one of the 4 vectors 6^, b R , cl, c r is zero. 

• Let m! = [a[, a' 2 , d! , b' , d\ G N' , m" = [a f (,a 2 f ,b",d f ] G N Z1 . The 
following are equivalent: 

(1) m'^Lirt" is degenerate; 

(2) Either m' or m" is degenerate; 

(3) One of the 4 vectors b', b", d, c" is zero. 



We are ready to prove 
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Proposition 5.8. N 2 is an open neighborhood of C . 

Proof. From lemma 1531 it follows immediately that ttr*C C Nl- 

Suppose there is a sequence y n G DJl 2 (X 1L ) such that y n — > y G ttr*C. 
Write y n = [ai n , a 2n , d n , b n , c n }. Then, by property 2 in lemma |53J 
the eigenvalues of d n ai n converge to 0,Zi- Hence, for n large enough 
y n G Nl- Hence Nl U 7Tr*C is an open neighborhood of itr*C. 

Suppose there is a sequence x n — > x G C such that x n ^ iV 2 . Hence 
x„ ^ C so, by passing to a subsequence we may assume without loss 
of generality that x n G ^OTt^X^). Let y n = TCR*x n G 3Jt 2 (X li ) and 
write y n = [a ln ,a 2n ,d n ,b n ,c n ]. Then y n -> y = 7Tr*x by continuity of 
7Tr*, and y n ^ iVi. But by property 2 in lemma 1531 the eigenvalues 
of d n ai n converge to 0, Z\ which implies, for n large enough, that y n G 
N L . □ 

Finaly we prove the homotopy equivalence (6): 

Proposition 5.9. The inclusion C — > N 2 is a strong deformation re- 
tract. 

Proof. We will construct a homotopy H 2 : N 2 x [0, 1] — > iV 2 betwen the 
identity and a retraction iV 2 — > C. Let H XuX2 : iV z x [0, 1] — > N z be 
defined by 

H XUX2 (a 1} a 2 ,b,c,t) = (t 2 ai + (1 - t 2 )xi,t 2 a 2 + (1 - t 2 )x 2 ,tb,tc) 
and let #i : iV 7 x [0, 1] -> JV 7 be defined by 

H^a'^a'^d'.b'.c'.t) = (a[, a' 2 ,t 2 d' \V , c') 
Then we defined H L : N L x [0, 1] -> iV L by 

# L (m' ffl L m", t) = fl^m', t) ffl L (m", t) 

We define H 2 as the unique solution of the system of equations 
(11) ir R *H 2 (x, t) = Hl{-kr*x, t) 

TTL*H 2 (x,t) = H R (7TL*X,t) 

We have to show existence and uniqueness of solution. Then we will 
show that H 2 defines a homotopy between the identity on N 2 and a 
retraction N 2 — > C. 

We define the auxiliary map H : N x [0, 1] — > N by 

/Y (m L ffl m R ,t) = H XlLtX2L (m L ,t) ffl H XlRiX2R (m R ,t) 
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To prove existence and uniqueness of solution of the system (JTTJ) we 
consider two cases: 

(1) Assume that either t = or x G C. Then we claim that 
HL(^R*x,t) G vr^C, H R (ir L:l ,x,t) G itl*C. If t = this fol- 
lows from directly from lemma 1531 If x G C then, from lemma 
15.51 we can write 

kr*x = x' EBl x" = (a[, d 2 , 0, b', c) ESl (a", o! 2) b", c") 

with c"b" = 0. It then follows from the definition of Hl that 
HL(^R*x,t) = tir*x for all t. In the same way we see that 
Hfi(TrLzX,t) = ttl*x. This proves the claim. Then, existence 
and uniqueness follows from proposition 15.31 

(2) Assume t ^ 1 and x $L C. Then we may assume ir R *x G N l . 
Then, since HL{itR*x,t) G Nl, we get from (fTTj) 

■KR*H 2 {x,t) = H L {^R*x,t) H 2 (x,t) = n R H L (ir Rif x,t) 

This proves uniqueness. To prove existence we need to show 
that 

ir L *H 2 (x,t) = TT L *TT* R H L (TT R *x,t) = H R (ir L *x,t) 

It is enough to show this for the case where x = 7t* L i{ R y for 
some y G Nq since the set of points of this form is dense and 
H Ll H R) ir L *, tt r , 71b* are continuous. 

It is an easy computation to show that Hl^lV, t) = 7r£iJ t), 
HR(^* R y,t) = n R H (y,t). It follows that 

7rL*7r R H L (nR*x,t) = Tr L *TT R 7C* L Ho(y,t) = 

= K* R H (y,t) = H R (7r L *x,t) 

Now we need to show H 2 is the desired homotopy. Direct inspection 
shows H 2 (x, 1) = x. We saw in (1) above that, for x G C, H 2 (x,t) = x 
and H 2 (x, 0) G C. The continuity of H 2 follows from the continuity of 

^L*,T^R,*,H L ,H R . □ 
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6. The differential di 



The objective of this section is to obtain the homotopy type of the 
inclusion maps 

A L - A A R 



Nr 



N 



N. 



R 



N 2 

where A = A L n A R = 7T093T 2 (X O ). Since these spaces are classifying 
spaces it is enough to study the pullback under these maps of the 
tautological bundles. Together with the open cover of the previous 
section this will give a description of the homotopy type of 9712(^2)- It 
will also allow us to compute the d\ differential in the spectral sequence 
introduced in corolarv 15.21 



Lemma 6.1. Let 

F {k,r) = 



Uu, v) : u, v : C k — > C , u, v are injective} 

(u, v) Z (u^)- 1 , vg), ge Gl(k, C) 
\(u, v) : u, v : C k — > C r , u, v are injective} 



(u, v) ~ (tt((/*) 1 ,vg v ) , g u , g v G Gl(k, C) 
and define F (k,r) C F (k,r) and F\(k,r) C Fi(k,r) by 

F {k,r) = {\b\c] eF {k,r), bc = 

Fx(k,r) = {[6*,c] eFi(A;,r), be = 

Let j Q : F (k,r)_-> Tl r k (X ), j x : F x {k,r) -> SDtfcCXi) be the inclusion 
maps given by \b t , c] 1— > [b, c]. Then we have the homotopy commutative 
diagram 



'12) 



Gr{k,C 




wr k (x ) 

jo 



F (k,r) 



F (k,r) 



W k {X x ) 



31 



pr 



pr 



Fi{k,r) 



F 1 (k,r) 
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where po is the projection [b, c] i— > [c] . Moreover, in the rank stable 
limit, the maps i , ii,Po,Po, jo> ji are homotopy equivalences. 



Proof. We divide the proof into three steps: 

Step 1. po,po are fibrations with fibers M(k, r — k) and M(k, r) respec- 
tively where M(k, r) = is the space of injective maps from 

C fe to C r which is contractible in the stable range. That proves 
Po,Po are homotopy equivalences. It imediatelly follows that i 
is a homotopy equivalence. 
Step 2. Now we look at %\. Consider the projection p 1 : Fi(k,r) — > 
Gr(k,C r ) given by [b, c] i— > [c]. When r — >• oo, the spectral 
sequence associated with the fibration 

Gr(fc,C r - fc ) — ^Fi(fc,r) 

pi 

Gr{k,C r ) 

collapses since all homology is in even dimensions. It easilly 
follows that i\ is an isomorphism in all homology groups, hence 
an homotopy equivalence. 
Step 3. Finally we need to prove the statements about jo LetC£(X ), 
Cl(Xi) be the spaces of configurations corresponding to the 
monads for X and X x . Let C£{k,r) C C r k {X Q ) and C[{k,r) C 
C T k (Xi) be the subsets of configurations of the form (0, 0, b, c) 
and (0, 0, 0, b, c) respectively. Then we have the maps between 
fibrations 

Gl(k) C*{k, r) F (k, r) 

jo 

Gl(k) Q(X ) Wll(X ) 

and a similar diagram for Xi. In the rank stable limit the spaces 
C(f(fc, r) and C^(X ) are contractible (see |San95j . |BS97j ) so, 
by the five lemma jo is an isomorphism in 7r* hence an homotopy 
equivalence. The proof for ji is the same. 

□ 



We are ready to state and prove the main theorem of this section: 
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Theorem 6.2. Consider the compositions 
13) — 9Jt-(X ) — F (2,oo) — GV(2,C°°) 
II) A L ^Ttf(X lL )^F 1 {2,oo)^F 1 (2,oc) 

15) iV -E. iV Xli x N X1R iV Xli .9Jt 1 (X )^Gr(l,C o °) 

'16) N -^N XlIi xN Xls J^N XlB .97t 1 (X )^CGr(l,C o °) 

or 1 d" po?^ 1 
17) iV L — ^ jV' x JV^ — iV Zl arti(Xo) — Gr(l, C°°) 

IS) jV L — N' x JV Z1 — AT' SETti(Xi) — oo) 

19) iv 2 c J^i S' 0Jt-(X li )> JOTi(X 12; ) — F 1 {1, oo) 

(20) N 2 c — S 2H?°(*ii*)> ^(Iik) — oo) 

Lei i£, L 6e t/ie tautological bundles over Gr(2,oo) and Gr(l, oo) re- 
spectivelly. Then we define the following bundles: 

• Eq — > A is the pullback of E under the composition^^ 

• Lol,o "~ > the pullback of L under[T5\ 

• L _r,o — ► iVo the pullback of L under\Tb\ 

• Lqr^l —> Nl is the pullback of L under\T\ 

Now let E U ,E V — » Fi(2,r) 6e the tautological bundles corresponding to 
u,v and let L U ,L V be the tautological line bundles over i<\(l,oo). We 
define 



EbL,E C L — > A L are the pullback of E U ,E V underUJ 



LbL,L, L c l,l N L are the pullback of L u , L v under 
L>bL,2,L cL 2 — > N 2 are the pullback of L U ,L V underHVi 
LbR,2,L C R t 2 N 2 are the pullback of L U ,L V under 



Then we have 

(1) .E&lUo = Eo , Ecl\a = E 

(2) LbL,L\N — L Lfi , L c l,l\n — L Lfl , LqR^IaTo — L Rfi 

(3) EbL | n l = L b L © L 0R , E cL \ Nl = L cL © L 0R 
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(4) Eq I jv = LoLfi © L R t o . 

(5) LbR^\N L — L cR} 2[N L — Lqr^l 

(6) L bL: 2\N L — L bLL , L c l ; 2\N l — L c l : l 

Similar statements hold for the spaces Ar, Nr and the maps Nr — > Ar, 
N r -> N 2 and N -> N R . 



Proof. 



(1) First we show that E b L\A Q — E c l\a — E . Consider dia- 
gram (|12j) . We will start by defining a homotopy inverse q : 
Gr(k,C r ) -> #o(A;, r) to the map p : E -> Gr(/c, C°°) as 
follows: choose a map c : C fc — > C r representing an element 
[c] G Gr(k, C r ). Choose h G Gl(k,C) such that c/t is orthogo- 
nal. Then define ?([c]) = [ch, ch]. This map is well defined and 
independent of the choice of h. Also p q = 1 hence po = q^ 1 . 
Now observe that the composition 



pr o q : Gr(k, 



Fi(fc,r) = Gr(k,C r ) X Gr(A;,C r ) 



is the diagonal map. It follows that, if is the tautological 
bundle over Gr(k,C°°), then 

q*pr*E v = q*p~r*E v = E 

To show that Ei,l\a — E c l\a — E it suffices to show that 
pr*i\E u = pr*i\E v = p*E. We have 

ijSa = i pr E u = p q pr E u = p E 

and a similar statement is true for E v . This concludes the proof. 
(2) We want to show that 

LbL,L\No — Lqlp , L^iljVo — -^0L,0 > L r^\n = Lqrq 

We have the commutative diagram (see proposition 15. 4j) 



iV *JL_ Ar, iL x N X1R iV XlJJ 



OTtiM^-Fo — Gr 



24 



JOAO PAULO SANTOS 



from which it follows that L ORL \ No = L 0R0 . We also have the 
commutative diagram 



Gr 



N ^- N X1L x K 



PL 




'XlR 



N, 



%1L 



fm^Xo) J?- F '-H+ F, 



N' x AT, 



N' 



*m 1 (X 1 )*£-F 1 -^F 1 

No 



pr 




pr 



from which it follows, as in step (1) above, that L bL)L 
L c l,l\n — L 0L0 . 
(3) We want to show that 



(21) 
A L - 

Nr- 



Ebl\N L — Lf,L t L © L R t L , E c l\n l 

Consider the following diagram: 



J cL,L 



31 



N' x N. 



21 



Tl 1 (X 1 ) x Tt 1 (X ) F 1 x F ^ 



A 
w I 
I 



F 1 x F 



(22) 



Since pr*L u = p~r*L v = p^L, the proof will be complete if we 
show there is a map w : Fi(l,oo) x F (1,C°°) — > Fi(2,oo) 
making the diagram homotopy commutative, such that 

w*E u = L U ® pr*L u , w*E v = L V ® pr*L v 

We begin by building w. Define maps Sl,s r : GV(i,C°°) — > 
Gr(l, C°°) as follows: let v : C -> C°° and write v = (v l , v 2 , ...). 
Then 

SL (H) d = f [(^,0,^,0,...)] 

s R ([v])^[(0,v\0,v 2 ,...)} 

We observe that sl, s r are homotopic to the identity. It follows 
that, if we define 

w : ([b L , c L ], [b R , c R ]) h-> [s L (b L ) © s R (b R ), s L (c L ) © s R (c R )] 
then 

(w)*E u = L U ® p~r*L u , (w)*E v = L V ® p~r*L v 
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It remain to show diagram|^is commutative. Let j z : Fq(1, oo) 
N z be defined by j z : [b, c] i— > [z, 0, 6, c]. Then the diagram 



iV' x TV, 



Fx x F 



artxpd) x m 1 {x ) 

is homotopy commutative. We are left with the diagram 
h „ n 



A, 



N 



L ~N'x N Z1 



Fi 



Ft 



Fx x F Ft x F 



Now define the map w : Ft(l, oo) x F (l, oo) — > Fi(2, oo) by 
w : ([b L , c L ], [b R , c R \) i-> [s L (b L ) © s R (b R ), s L (c L ) © s^c^)] 
Clearly we have the commutative diagram 

F l {2, 00) ^ Fi(2, 00) 



Fi(l,oo) x F (l,oo) 



«lXJ(, 



Fi(l,cx)) x F (l,oo) 



We are thus left with the diagram 



A 



L 



Nr 



N' X Nr 



Ft 



Ft x F 



Next we introduce maps 

S L ([b,c]) = [s L (b),s L (c)] 

S R ([b 1 c]) = [s R (b) 1 s R (c)} 

These maps are homotopic to the identity hence we only have 
to show the diagram 

h 



A 



N r 



Ft 



ATI AT il X 3»l „ „ S L XS R 

N x N Z1 Ft x F Ft x F 



is homotopy commutative. This is an easy direct verification. 
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(4) We want to show that E \ No = L 0L (£>L 0R . Consider the diagram 



N 



Ar 



Nr. 



13 



A, 



Then E = i%E bL so 

-^oliVo = i[En = ililE bL = i* 2 i\E bL = L 0L © L 0R 

(5) We want to show that Lbn\N L — L c r\n l = L nR . The result 
will follow if we show that the following diagram is homotopy 
commutative: 



(23) 

Nt 



No 



N' x N, 



C 



s m 1 {x 1 



Ft 



pr 



Let 



SilN 2 = {(£, <P) G N 2 1 c 2 ((7r L ^) vv ) = 1} 
S 1 N L = {{£, (p) E N L \ c 2 ((7r L ^) vv ) = 1} 
S N' = {(£, <P) e N' I c 2 ((vr L ^) vv ) = 0} 

Then the commutativity of diagram (|2Hj) follows from the com- 
mutativity of 



N' x N, 




We need to check the image of ffl^ : S N' x N Z1 — > N L is con- 
tained in SiN^. Then, analyzing the commutativity of diagram 



(25) 
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(J2H) boils down do analyzing the diagram 
SiN L ^— S N' x N Z1 



27 



N K 



Let m' e S N' C SoTl^X^, m! = [a[, a' 2 , 0, V, d\. Let m" G 
N z . Then a direct computation shows that (it l*{tti' fflifi")) vv = 
m" . This shows that the image of SqN' x N Zl under ffl^ is 
contained in S±Nl and that diagram (J23J) is commutative. 



(6) We want to show that LbL,2 



Nr. 



J bL,Li J^cL,2\N L 



This 



will follow from the commutativity of the diagram 



(26) 



Nr 



N, 



N' x N. 



21 



N' 



c 



vv 
'r* 



s m 1 (x l )—^m 1 (x l ) 

We showed in proposition l5.9l that the map H 2 (-, 0) is the homo- 
topy inverse of the inclusion C — > N 2 . Let (m',m") eiV'x iV 2 . 
Then, by definition of H 2 , 

ir R *H 2 {iT* R (m' S L m"), 0) = H L (m ffl L m", 0) = Fi(m', 0) ffl F*(m", 0) 

Hence the diagram 



N' x AL 



N 2 —+C 



N' 

Hl(;0) 

S M 1 (X 1 ) 



is commutative. From here it follows easily that diagram 
is commutative. 



□ 



7. The cohomology of VJl 2 (X q ) 

The objective of this section is to prove theorem II. 21 We begin by 
proving it for the special case q = 2: 

Theorem 7.1. There is an exact sequence 

0^K C ^ H*(m 2 (X 2 )) -> H*(A L ) © H*{A R ) -> #*(A ) -> 



28 



JOAO PAULO SANTOS 



where K c = Ker ( H*(C) -> H*(N L ) © H*(N R ) ). This sequence splits 
and we get 

H*(M 2 (X 2 )) ^K c ® Ker ( H*(A L ) © H*(A R ) -> #*(4>) ) 

Proof. Recall corolarv 15.21 We will use this spectral sequence to com- 
pute H # (Wl 2 (X 2 )). Clearly the map d\ : E 1>n — > E 2>n is surjective hence 



2.71 



0. Also we notice that E\ 



2n+l 



for any p. It follows that 



E, 

the spectral sequence collapses at the term E 2 . We get then 

(27) H 2n ( m 2 (X 2 ) ) = E°J n = Ker (d 1 : E®' 2n -> i^' 2 ™) 

/ 4 o,i/ , ^ i o Ker (di : £'!' 2ri — > E' 2 ' 2n ) 

(28) # 2n+1 (mt 2 (X 2 )) = £^ 2n - V 1 



Im (d 1 : ^ - £{' 2n ) 



When performing calculations we will use the following sign conven- 
tions: 



(29) 



A, 



Nr 




A 



Nn 



No 



A, 



N, 



R 



We begin by defining the following generators of the cohomology of 



a\ L = Ci(E cL ) - Ci(E bL ) 

a bL = Ci(E bL ) 

cal = Cx{L cL ) - Ci(L bL ) 
c bL = ci(L bL ) 

We do the same for E\ 2n \ 

nAL = c t (L cL ) - Ci(L bL ) 
n bL = ci(L 6 l) 
non = ci(L 0R ) 
q} = a(E ) 



a AR — c i(EcR,) 
a bR = c i( E bR) 

car = ci(L cR ) 
c bR = ci(L bR ) 

nAR = Ci(L CjR ) 
n bR = ci{L bR ) 
n 0L = ci(L 0L ) 



Ci{E bR ) 
ci(L bR ) 



Ci(L 



bR) 



and for E^ n : 



noR = Ci(L 



OR 



n 0L = Ci(L 0L ) 
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Then, from theorem 16 .21 it follows that the map d\ : E x ' n — * E{ n may 
be represented by the following diagram, where the entries correspond 
to those in diagram ()29|) : 

( a AL> a bLi a ALi a bL! 1 *" (0) Q 1 ; 0, a 2 ) -< i (a^, a 6JJ , a 2 ^, a 2 ^) 

(-ual, ~n b L - n R, -n AL n 0R} -n bL n 0R ) (-n AR , -n bR - n 0L} -n AR n QL) -n bR n 0L ) 
(n ALl n bL , 0, n 0R ) (0, -n 0L , -n AR , -n bR ) 

' (cal, c bL , c AR , c bR ) i 

Also the map d\ : E\ 2n — > E 2,2n is given by 

(a 1 , a 2 ) h-> (n L + n 0R , n 0L n 0R ) 
(n AL ,n bL ,n 0R ) i-> (0, n 0L , n ofl ) 
(n 0L ,n AR ,n bR ) h-> (n L, 0, ™ok) 

Now let 

-^Cll = Ker(iJ*(A L ) -> #*(A))) K AR = Kev(H*(A R ) -> #*(A )) 
i^L = Ker(H*(N L ) -> iT(iVo)) ^ = Kei(H*(N R ) -> ff*(JVo)) 
Then 

#*(A L ) = Z[a\ a 2 ] © K AL , F* = Z[a\ a 2 ] © ^ 

/T(C) Z[n is © Kjvz, © ^vi? © #c 

F*(iV L ) ^ Z[n i)% ] © , H*(N R ) = Z[n L ,n R ] © ^ 

Notice that K c C H*{C) is the ideal generated by c A lc ar . The 
restriction of the map H*(Al) — ► H*(Nl) to i^At, induces a map 
: Kal K NL . Similarly we have a map s R : K AR — > K NR . Let also 
s : Zfa 1 ^ 2 ] — > Z[ni,,n R ] be the map induced by the direct sum map 
BU(1) x 5C/(1) -»■ B£/(2). Then the map d a : £?' 2n -> Ej' 2 ™ is given 
by 

di (a L + k AL} a R + k AR , x + k NL + k NR + k c ) = 
= (s(a L ) - s L {k AL ) + x + k NL , -s(a R ) - s R (k AR ) -x- k NR , a L + a R ) 

and the map d\ : E\ 2n — > E 2 ' 2n is given by 

di {x L + k NL , x R + k NR , a) = (x L + x R + s(a)) 
Now we can finish the proof: 
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(1) We prove first that H 2n+1 (Wl 2 (X 2 )) = 0. We need to show 
Ker(d! : E l { 2n -> E 2 ' 2n ) C Im (di : E 1 °' 2n -> ^J' 2 "). Let 
(iCx, + k NL , x R + /ctv_r, a) & Kerdx. Then x L + + s(a) = 0. It 
follows that 

di(a, 0, -xr + k L - k R ) = (x L + k L , x R + k R , a) 

(2) Now we will show that H 2n = Zfo 1 , a 2 ] © K AL © K AH © K c 
which conpletes the proof. We first define a map Z[a x ,a 2 ] © 
K AL © K AR ®K C ^ E°{ 2n by 

(a, k AL , k AR , k c ) ^ (a + &al, -a + /car, s(a) + s L (k AL ) - s R (k AR ) + k c ) 

We want to show this map is injective onto the kernel of d\. 
Injectivity is clear and a direct verification shows the image is 
contained in the kernel of d\. To show surjectivity let (a^ + 
&al, a/? + k AR , x + k NL + k NR + e Ker d x . Then 

ol = -or, = s L (k AL ), k NR = -s R (k AR ), x = s(a L ) = -s(a R ) 

The result follows. 

□ 

We are ready to prove the general case: 

Theorem 7.2. With notations as in theorem \2.1\ let 

K t = Kev(H*(7r*m 2 (X 1 )) - H*(tc;W1 2 (X )) ) 

K ld = Ker(H*(7r* j Tl2(X 2 )) -> ir(7r*9ft 2 pfi)) © ir(7r*97t 2 (Xi)) ) 
Then, as modules over 1, we have an isomorphism 
(30) H* ( 9Jt 2 (X 9 ) ) = H* ( 9Jt 2 (X ) ) © Ki © K iS 

i i<j 

Proof. We divide the proof into two steps: 

(1) We will use theorem 12. ll to build a spectral sequence converging 
to the cohomology of H*(DJl 2 (X q ). Let A be the q — 1 simplex. 
Label its vertices by Vi, i = 1, . . . , q, and the be the middle 
point of the edge joining Vi and Vj. We define a filtration A C 
Ai C A of A where A = Ui<j e ij an d ^i ^ s ^ ne 1-skeleton of 
A. Write Ai = [J i An where An is the closure of the connected 
component of Ai \ Ao containing v «. Then we define 

_ Uy x ^-anaCXa)) U [J. (A M X tt*^^)) U (A x vr *nJt 2 (X o )) 
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where ~ is induced by the inclusions C An C A and 
7r *<m 2 (X o ) C n*yfl2{X x ) C iT* j m 2 (X 2 ). Then, the arguments 
in |Seg68| can be applied to show that M is homotopically 
equivalent to DJl 2 (X q ). The filtration of A by A , Ax induces a 
filtration Fq C Fi C F 2 = M of M which leads to a spectral 
sequence with 



Ei' n = H n (F ) - {H°( eiJ ) ® F"(7r*.0Jl 2 (X 2 ))) 



(2) The di differential is induced by the inclusions 7r09Jt 2 (X o ) 
7r*SDT 2 (Xi) — > 7T*-97l 2 (X 2 ). We will use the sign convention 



(31) 



F*(7r*.9jr 2 (x 2 )) 



F*(7r;aji 2 (x )) 



Let 



X, = Ker(iy*( 7 r*9Jr 2 (X 1 )) -> iT(7r *mt 2 (X o )) ) 

Xy = Ker (iy*«.Sm 2 (X 2 )) - ^(Tr?^^)) © ^(^^(XO) ) 
Then, from theorem 17.11 we have 

H*(n*Tl 2 (X 1 )) = H*(n;Wl 2 (X )) © K % 
i?*(7r*.97t 2 (X 2 )) = iT(7r *9Jt 2 (X o )) © X, © X, © X^ 



(32) 



Then the sequence of maps E®' n — * E\' n A splits into 
three sequences 



X, 



l<7 iJ o (e,,)©(X 4 ©X,) 



#°(A ) © K n 



0, if x (A H , dA n ) © X/ 



iJ 1 (A 1 ,A )©X r ' 



X n 
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where K n stands for H n (9H 2 (X )). The bottom maps are easily 
analyzed using the exact sequence 

- H°{A{) - F°(A ) - H^A,, A ) - H 1 (A 1 ) - 

It follows that the map d± : E x ' n — > E^ n is surjective. Since 
E[' n = for r > 2 and n even, this implies the spectral sequence 
collapses and 

ff n m (x „ _ Ker(^ : E\' n -» iff") 

IT^PQ) = KerK : E°{ n - E\' n ) 
Lets look more closely at the map 

H°( eiJ )(K t © Kj) -> iJ 1 (A H , 0A u ) ® tf, 

i<j t 

Observe that 

#°( % ) <g> ( JTi © ) = H°(dA u ) © Ki 

i<3 » 

It follows that the map can be easily analysed using the 
exact sequence 

- H°(A ll ) - H°(dA ll ) - ^(Ah.Mh) - 

We gather together our conclusions: 

(a) The top sequence in (|32~j) contributes a term 

0tf o (e^)®^ 
to # 2 "(mt 2 pQ). 

(b) The bottom sequence in does not contribute to if 2n+1 (9H 2 (Xg)) 
since it is exact in the middle. 

(c) The bottom sequence in (|32|) contributes a term 

#°(Ai)®#* (atW) 
to F 2n (mt 2 pQ). 

(d) The map is surjective hence it does not contribute to 
H 2n+1 (M 2 (X q )). 

(e) The map (JHHj) contributes a term 

0iy°(A H )®^ 

i 

to F 2 "(mt 2 pg). 
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From (b) and (d) it follows that H 2n+1 (m 2 {X q )) = and from 
(a), (c) and (e) equation (JHU|) follows. 



□ 
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